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Abstract

This paper derives the inventory costs for the model when the backorder costs are exponential, lead time is constant and supply is
random.

It derives firstly the inventory cost for fixed constant lead times and exponential backorder costs. The random supply cost is obtained
by averaging the result over the states of supply.

Demand during lead time is normal and supply is assumed to be a gamma variate

It derives the expected backorder costs, the expected number of backorders at any point in time and the probability of a stockout.

Introduction

We assume that demand during them lead time follows a normal distribution and supply is gamma variate. The exponential backorder
Cp(t) b exp(bat) where t is the backorder length of time.

Firstly, we derive the inventory costs for constant lead time and exponential backorders. Then we then average the results over the states
of supply by integral calculus.

Literature Review
Emal Arikan (2005) his thesis assumed three different supply process eg. Under the all-or-nothing type supply process and partially
available supply process, the structure of optional policy is proved to be a base stock policy. He shows that a simple base stock policy
is not optional using binomially distributed supply process. Muk Hopadhayay (2007) indicates that when order fluctuations and
backorder fluctuations are observed other costs are incurred. If it is decided to reduce the aggregate inventory, the average production
batch size should be decreased in order to maintain a balanced inventory. Over a range, the cost curve may be approximated by a
quadratic.
Sicila (2012) derives a model where backorder demand rate is exponentially decreasing with the waiting time. Hardly and within
discusses the model when lead time is constant.
Cs (t) = by exp (bat) and demand follows a normal distribution and %z in the variance of demand over a period z.
If the inventory position of the system immediately after review at time t, is R+Y, the expected backorder cost at time t is

R+Y-DZ

_1Qp (Lt B 1 )
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1 R+Y-Dz

Where T g( T ) is the normal distribution. 1)
Similarly the expected backorder costs attimet+ L + T

Q L+T R+Y-DZ
= h D LD LG -2 = (;_)d dtdy 2)
Where Cg (L-z) = by exp (b2 (L-2))

__ Q tby expb, (L-2) R+Y-DZ
LetGi QR )= [0 ;D [yl g(J_)dzdtdY @3)
Integrating G1 (Q, R L) with respect to Q and rearranging we have
Lby o2t b3

Go (R, L) = fy 2 (exp = (57 = byt = Z3) »

R-5—-Dt) (R Dt)
(p(S5) - v (52) o) o
Then Gy (Ri L) = ¢ (G, (R,L) — Go(R+ Q,L)) 5)

Re-arranging the exponential terms of G, (R, L)

0'2 0'2
6: (R ) =DF e (¢ (%2 + b,) - B8 (m Zet )
\ Jozt /

Integrating by parts

1 _ b 2 D? b2
D G, R L) = b, (02 b, + 2D? bz) [exp (t(zn2 + bz) D R)
0.2
_ G tha=Dt)| b 2 D2 L o2 b3
F (R JoZe 2D, (02+2D2 bz) fO esp (t (2D2
bz R 1 _ G%byZ D%+ 62 b, R
- = )exp > (R — DZ)(—D — + cft3/2) dz
NE
by L. (R-Dt
-— ["F
bz fo (\/62 t) d

LetZ,(x, T) = foT t" exp _i (3;_2:) dt

and the fact that
_ —20%T0*t x-DT)\? 02 (2n+1)
Zni (1 T) = exp - Zn(x T)

D22mo2 T Vo2 T 2D?
x2
+ D2 Zn—l(x, T)
-206%T

Zna () = exp 3 (220) + 226, T)

DZ2m o2 T N
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2
5 Za(xT)

We obtain

6.(01) (i) o0 o (E o)

F<M>_ by F (R'DL)[DL_R_ °_2+ D

Y, 62 L b, Jo2 L 2D E
4 b, b3 2RD R+DL Vo2 L R-DL
2 1% exp(—) F —2¥ " bg
—-2)(62b3+2D2by) b, o2 Vo2l by VoL
Hence

Gi(QR L =(G(RiL)-G2(R+Q, L)) /Q
Expected backorder cost at time t + L averaging over the states of Y

=5 G RL) - G R+ Q L)) (6)
and the expected backorder cost att + L + T averaging over the states of Y

:é G, RL+T)— G, (R+ Q,L+T)>

Hence the expected backorder cost per year Gs; (Q, R, T)

Gs(QR,T) =% (G, (RiL+T) =G, (R; L) =G, R+ QL+ T) +G, (R+ QL)

Let B(Q, R, T) be the expected number of backorder, at any point in time.

Atanytimet+ L + ¢ betweent+ L and t + L + T, the expected number of backorder on the books when the inventory position was R +

Y immediately after review at time t
x Dt

BQ.R T = fo [ [0x - wig (324) dx dedw
Nothing that

J, (x = w)g (x D)dx = o?tg (w, Dt) — (w — DOF <%)

Substituting in B(Q, R, T) and simplifying we have
B(Q,R,T) = é fé‘*Q J, (6®tg (w,Dt) — (w — DOF (w, D)) dt dw

- é f(;“Q [, (a*t g (w,Dt) — (w — DOF (w, Dt)) dt dw (8)
Note that

Fsmpudc= 2 (k (52)) - ew (2 (32))
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) N2
+'02T(DT+3i—x) ! exp—l<—x DT)

2D?2 D V2mo?T 2 \Jo?T
o2 302 2Dx x4DT
o (1= 5 exn () F(J—GzT)
Note that
T (x-Dt x o2 x-DT
X F(m>dt— (r-2-2) F( TZT)
Jo?T 1 (x-Dt\? o2 2Dx x+DT
t vz P T3 (JUZT) + opz &P (7) F <,/62T ) ©)
We obtain

BQ R T) =g (G R+LT ~GRL) =GR+ QL+D) + Gu(R+Q L))

Where G4 (R1T)
Ga (RlT):(D2T3 6*R  DT?R  o?R? 02T?

6  4D3 2 aDp? 4
3 6 _
_E_) F(R DT)
6D 8D Vo2T
5/ 3/ TR o312 T2
DT ZO’_O’T 2R ol o T /2 o°T2R
(6 3+6D+12D+4D2
o5T'/2\ _(R-DT b 2DR R+DT
e )g( =)+ e () F<JpT)
Let POR be the probability of a stockout, at any time between t+L and t+L+T that is the probability that demand exceeds R+Y at time
t+L+e€.
= l:iYg (x,D(L+€) dx
Probability of a stockout
_ (L+T poo
POR= [ [..,g(x,D€)dxd €
Averaging the states of Y and integrating with respect to
_ 1 Q (L4T
POR=C[ " F (R+YDe)de dy

LetG (R, T)= [ [, F (J—D:)

_ /(R-DT)2 o2R ot R-DT
Gs(RiT)= (T tomet E) F(\/GZT)

+ TR?
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Jo?T o? R R-DT ot R+DT 2DR
+ (T 5 3) g(—r,zT) TS F<—,r,zT) e (27)

Hence POR = é(GS(R, L+T)—Gs(RL)—Gs(R+QL+T)+Gs(R+QL)) (10)
Putting the various costs together we have the inventory costs for constant supply.
We have

C=24+ 2 (24R- DL—E)+ = (G4(RT+L)
- G4 (R, L) — G4(R+Q, T+L) + G4 (R+Q, L))
+ é(c2 (RT+L)—Gy(RL)— G, (R+QT+L) + G, (R, + QL))
= (Gs RT+L) = Gs (R L) = Gs(R+ Q L+T) + Gs(R+ QL)) (11)
The probability density function of Q, U(Q) is a gamma variate where Q is the supply

U(Q) = esp(- UQ) I v, Q>0 (12)

_ _ o*R+Q)  DT’R+Q)  ¢*(R+Q? | o°T?  TR+Q)?
GuR+QT)= 6 4D3 2 4D2 : T 2
_ (R+Q)3 _ 0'_6) R+Q-DT 1 (DT2 T(R+Q) (R+Q)? ﬂ 02(R+Q)
D o T +oT- —_—t—+

6 6D 12D 4D2
4
G R+Q-DT
] +—

2D(R+Q) R+Q+DT
PSRl N SD4 ( [ Vo1 3

Gs (R+Q.T) = (355 + 1o + “ o) + Q3 + 255 + 5] F (M)

(1= ) - a2 o o (eem) a9
(chZ;Zszle%) esp [T (GZb%erDZZDZbZ) h bZ(R+Q)]

i (—Q}_)) (BT ) -2

—6%b,b3 (2(R+Q)) F (R+Q—DL) _ 2\/02Tb (R+Q—DT) (15)
2D2(02b%+2Db3) o2 Jo2T Db, 1 Jo2T

por=1 (1= #($8) )+ (58) - e (55)
Simplifying G4 (R, + Q, T)

G, (R+tQ T) =
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D213 c*R  DT?R  o?R? o2T? TR?> R3 56)>

GsR+QT)= (( 6 4D3 2wz T 2 T 2 T et
c* DT?2 2Rc? 2TR 3R2 2 T 3R Q3) R+Q-DT
+Q( 4D3 2 4D? + 2 ) Q (402 *t3 2 + GD) + 6D F Jo?T

2 2 2 2 2 _
+QT1 (£_B+R_+U_T+U_R+O_4)+Q(_I+2R+_)+Q_g (R+Q DT)

2 6 3 6D 12D  4D%Z = 4D3 3 6D  4D2 6D Jo?T
2D(R+Q) R+Q-DT
+aresp (2 )F( JoiT )
Multiplying by —= u(Q) we have
U<Q> v SRCVQ (P o'R _DTER _ o'RY T | TRTRY 0%y
— GR+QT) = rw) ((( 6 4D3 2 >t 2 v 2 "o 8D4)Q
Q' (_ o _DT?_ DT?  Ro? v(_o® T _RY, Q" R+Q-DT
+ Q ( 4D? 2 2 +2D2+TR )+Q( 4D2+2 2D)+6D)F<1/62T)
Vo2 DT? TR _R? o1 o’R o v-2 v-1 2R_ o7 Qv“
tvo T(( 6 3 6D 12D+4D2 4D3)Q +Q ( + 4D2)
R+Q-DT c® Q”—2 2D(R+Q) R+Q-DT
g( /o'ZT )+8D4‘ r(v) ( an + )F< /O'ZT ) (16)
Nothing that
o _ 1 (R+Q-DL)?2
1 f, esp(—uQ)Q” 1eSP—;( 228) dQ
_ VJao?Lu? U1v12 v—2-2i (o°L
= X esp(Ru+ 12 S5 = DL) 3,2, (37 (DL — R — po?L) (2) (17)

Nothing that
o (—rQ)Q"**” . (R+Q-DL
fo P ) F( oL )dQ
(v=1)! - —z—i i (621N} 2L
-y () O - R oy (2 e+ 2 - ) 9
Nothing that

u Q 1 _ 2D(R+Q) R+Q+DL
" Jo Q" exp( uQ)eXp( 2 )F( Tomr )dQ
V=2
=_r ot _ = (=)l (v z—10) —2-2i
=t exp (R + 02 5 = DuL) By 8.2, oy 0D ()L Rty (2 a9

Hence J; m@Gg,(R + Q, T)DQ applying 16,17,18

u202T D2T3 ¢2R DT?R o%R%?  o2T2 TR? R3 o®
+ ( 2 2 2
6 4D 2 4D 4 2 6D 8D

Gs(R,T)= F( 5 esp (Ru +
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vrz=1 _
Z,Z,;%le(z) %(u z—i— 1)(17 z—i— 1) (DT — R — po?2)v=2- L(GZT)
gt 2 2 : ;
i
o?T\' [ o* T v4+1 (v+1 2 vl v+1-Z-1
(T) (E-I_E )Z u”(v—2+1)!( 0 )

(v+1-2)

2\ v+1-2z-2i vl 2 (v+D! rp1-7-i
(DT — R — po?T) +— Z 2o —uz(v—z+2)!( . )

6 3 6D

2
. T) ] ()'ZT},L"esp(RLHu

o?T
3 —DuT)[ D2T2 TR R?
2 ['(w)

(DT R - p‘O.ZT)v+1 zZ— 21(

+<)'2_T+ﬂ+0'4) lo(vzl)(DT R — HGZT)”ZZL(GZT)+(—I+£+U—Z)

12D 4D2% = 4D3 3 3D 4D?

v—1

L0 0T - R oty (5)

2mv—2i (T 5_6 g
(DT - R — po”T) (2)]+8D4’ F(V)esp(

-
—1 (v—2)! v—2—i 2 21 (O°T
=i 2y (H‘G%)Z(v—1—z)l ( L ) (DT =R — po™ )"~ ( 2 ) (20)

Multiplying G4(R+Q,T) by % we have u(Q) G4(R+Q,T)/Q

From equation (4)
wWQGs(R+QT) _ uPesp(-1Q) [(_ Lot R DT) )Q,, ~2 4 Q-1

Q ) 2D3  2D?
g% | 2(R-DT) Q R+Q-DT Vo?T (o 6% v-2 (—pQ)p”
(2D2+ 2D )+2D F( Jo2T ) 2 (T )Q e p )
R+Q-DT Q* pYesp(-pQ) (R+Q—DT) 2
F 21
9 () - (e (1)

Hence we obtain

f:ow app|y|ng 16, 17, 18

2527
Wesp(Ru+—. —DuT(a4 o? (R—DT)Z)
)

G:/(R,T)=
v—z—1

vty Z(v_li_z_l)m(DT R — po?T)v-1-2- 2i (G T)

2D3  2D2 2D

2

(R—- DT) v-1)! fp—z-i _ _ Prp—z—2i ﬂ i
-l-(ZD2 T ) 121 0 pz(v—z)! i )(DT R Ho T) ( > )
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v+1-Z

v+1 2 v+l-z-1 2m\v+1-z-2i ‘TZ_Ti
SIS () gy (0T - R et (5)

2T M esp(Rp+

= (1= 24D 22,07 OT - R - pormyr=e-2

2 ) D2
1\ _ 1 1;2;1 v-1-i 2pyw—1-2i (T _ ot
(T) _Bzi—o( i )OT — R — po?T) (T) T aDE ()
-1 v—2z—1
2 (v-2)! v—z—i—1
es —_— :
p( )Zz 14i= 0 (H—i—g)z(v—z)!( i )
. 27t
(DT —R-— HO.ZT)U—Z—ZI.+1 (GTT)
Multiplying u(Q) by POR of equation 9 (22)
We have
- H esp( “Q) v—2 v—1 v—2 Q DT)
U(Q)POR = o) DTQ" " “ + (Q*~* — DTQ" %)esp(—uQ)F o
_ Wesp(Q)vo?T QU2
() (23)
Let PORT = f°° U(QPOR A Q. applying 16, 17
v—-z
R _ v — -1 rpzi
PORT = 1)(1; 2)+ nYesp (Ru +5— DuT) y=12:20 llZ(U_Z)!( : )

v—z—-1

(DT — R — po?T)?~—% 21(" T) DT yroiy 2 =2t (”‘i‘f‘l)

2 i=0 Z(v—1+z)!

02T p?
(DT — R — po?T)?~1-%- 21( - ) = 2Tesp( —DuT)
3.2 0(” 2= (DT — R — po?T)v—2-% ("ZT) (24)

Multiplying % we have

Gz _ 2D%*byp¥QV? 0%by+2D?b, _ baR] _ b,
Q R+QDu(Q = (02bZ+2D2b3) [(®) P [T( 2D2 ) DT] Q (H + D)

R+Q- T(D+"b) Yesp(uQ)by (R+Q-DT 2 Q-1
= | (S LE

_ o*babButQ" Pesp(%3) (_ (§+ ))F<R+Q—DT)
ZDZ(O'zb%‘f‘ZDzbz)bz esp Q o2 H Vo2T
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_ 2,/62T by pPesp(—uQ)Qv 2 <R+Q—DT)
Dbz I—(U) v 02T

Hence fuw%Gls(R + Q, T)dQ applying 16, 17, 18

Gy (R, T) = 2D%b,pPesp(T (T222202 _ 228y 3wy N %_Z—(u lfz) Z:; =
() OT - R - o217 (21 esp [(u +52) 621 - (D +22) 7))
esp ( H ) - b:vrbﬁ) (T - % - )Z 1_0% HSE;—Z)z!)!
(0T - Ry () Ly, S ()
- | o I (N )

v—z—1

- - (V—Z)! v— i -2 o“T
AL [ 0T (5

_ 20%2Tby u? u?o?T _ v-2- i v—z—2i (0°T
b, T &SP (Ru+—2 DuT) 2 0( )(DT R — uo?T) ( . )
Hence the inventory cost for (nQ,R,T) when the supply is random, lead time is constant with exponential backorder cost is
SPORT he/
c=2 +he(3-+R- DL—2) + 3 (35

G,(RT+L)— ﬁGa,(R, L) = Ge(R:T+1L) + Gg(R, L)) + % ((v:)

SGs(RT+1L)

— 5 6R L) ~ G (R T+L) + G (R, L)) (vf

— (v’jl) Gs(R;L) — G,(R, T+ L) + G7(R1L)>
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